In this paper, a linear moving average recursive filtering technique is proposed to reduce the peak-to-average power ratio (PAR) of orthogonal frequency division multiplexing (OFDM) signals. The proposed low complexity technique is analyzed in an oversampled OFDM system and a simple distribution approximation of the oversampled and linearly filtered OFDM signals is also proposed. Corresponding time domain linear equalizers are developed to recover originally transmitted data symbols. Through extensive computer simulations, effects of the new filtering technique on the oversampled OFDM peak-to-average power ratio (PAR), power spectral density (PSD) and corresponding linear equalizers on the frequency selective Rayleigh fading channel transmission symbol-error-rate (SER) performance are investigated. The newly proposed recursive filtering scheme results in attractive PAR reduction, requires no extra fast Fourier transform/inverse fast Fourier transform (FFT/IFFT) operations, refrains from transmitting any side information, and reduces out-of-band radiation. Also, corresponding linear receivers are shown to perform very close to their frequency domain counterparts.
Introduction
Due to high spectral efficiency, immunity to impulse noise, robustness in multipath fading environments and ease of implementation, OFDM has emerged as power amplifiers (PAs), which leads to significant spectral spreading and in-band distortion [13] [14] . In addition, a high PAR leads to additional bits requirement in the digital-to-analogue and analogue to-digital converters (DACs and ADCs) [15] , which can have a significant influence on the power consumption, sensitivity and SER performance at the receiver side.
To alleviate the PAR problem in OFDM systems, several approaches have been devised. For example, selective mapping (SM) [16] [17] [18] , partial transmit sequence (PTS) [19] and their hybrid [20] techniques are effective in reducing the PAR with no in-band distortion and simple symbol recovery at the receiver but involve heavy computational load due to many IFFT operations and a complex optimization process. Also, the side information about the phase factors should be transmitted to the receiver for the inverse operation, which not only results in significant data rate loss with increase in the number of carriers but can degrade receiver performance if received erroneously. In [21] [22] a class of distortion less methods for PAR reduction using some virtual subcarriers have been proposed. These schemes offer significant amount of PAR reduction at the cost of a computationally intensive optimization process. Furthermore, since these methods rely on the presence of un-used subcarriers for PAR reduction, they are suitable for discrete multi-tone (DMT) systems. One class of distortionless PAR reduction techniques involves altering modulation constellations to reduce large signal peaks at the cost of increased signal power and many complex IFFT/FFT operations to achieve improved performance [23] [24] . The increase in transmit signal power has a positive effect on the SER at the receiver. However, when the transmit power is fixed these techniques cause SER performance degradation. Another class of distortionless PAR reduction methods constitute systematic coding techniques [25] [26] [27] that can deterministically bound the PAR with little computational cost at the transmitter but the PAR versus data rate trade-off is not attractive.
Deliberate amplitude clipping of the OFDM signal [28] could be the most simple and efficient way of PAR reduction but being a non-linear technique may cause significant in-band distortion, which degrades SER performance and spectral spreading, which reduces spectral efficiency [14] . Filtering after clipping can reduce the spectral splatter [29] ; however, the nonlinear in-band distortion can-not be corrected through linear receivers. Therefore, iterative clipping noise cancelation techniques are used at the receiver side, which not only rely on coding but also involve several complex FFT/IFFT operations [29] [30] [31] .
In this paper, we propose a low complexity moving average PAR reduction filtering technique. We call the technique post-IFFT filtering (PoF) because filtering is applied after IFFT at the transmitter. In the analysis of the proposed technique oversampling of original OFDM signals is considered and a simple mathematical expression to evaluate the complementary cumulative density function (CCDF) of oversampled and linearly filtered OFDM signals is presented.
The proposed technique is simple to implement, requires no extra IFFTs, and refrains from transmitting any side information. The low pass feature of the technique is effective in reducing the out-of-band radiation and thus lends itself to minimize the possible increase in PAR, SER and bandwidth due to pulse shaping filters [11] . Linear zero-forcing (ZF) and minimum-mean square-error (MMSE) equalizers are also developed to compensate for filtering and frequency selective propagation distortions and recover transmitted data symbols. The proposed filtering and equalization schemes can be implemented with any modulation, coding and number of carriers.
This paper is organized as follows: Section 2 characterizes the OFDM transmission and proposes an approximate expression for the distribution of oversampled and linearly filtered OFDM signals. Section 3 covers the preliminaries of the moving average filter. To lay out the groundwork for developing the new technique, the matrix data model of the oversampled OFDM signal is described in Section 4. PoF implementation and corresponding time domain linear symbol recovery solutions are described in Section 5. Several practical issues and pertinent complexity and receiver performance trade-offs are considered in Section 6. In Section 7, illustrating simulations are carried out while conclusions are drawn in Section 8.
OFDM Transmission and PAR Distribution
In OFDM transmission, a high speed input bit stream, after complex modulation mapping, is converted into complex data symbols of length N, which is transformed into an OFDM signal via N-point IFFT 
where 0 1 n N ≤ ≤ − , and the real and imaginary parts of ( )
, respectively. The PAR of ( )
x n  can thus be defined as
Based on (3), a simple approximate expression for the distribution of the PAR has been derived in [11] . The input information symbols are assumed to be sta- 
To approximate more accurately the PAR in (2), an oversampled version of (1) can be used [32] . This can be written as The assumption in (5) , that the samples are mutually independent and uncorrelated, is not strictly correct when oversampling is applied. Hence, an approximation was proposed in [11] by assuming that the distribution of N subcarriers and oversampling can be approximated by the distribution of N α In order to reduce the PAR of OFDM signals, we introduce a linear moving average filter before adding the CP. If the complex Gaussian baseband signal (6) is passed through the proposed linear filter, the output is also Gaussian. So, the envelope of the complex OFDM signal after simple filtering has the Rayleigh distribution. However, correlation of the output signal samples will increase due to filter memory; hence the approximation (7) is not valid. This difficulty can be neatly resolved by a similar assumption as for the oversampling case above. We thus propose an empirical approximation by assuming that the distribution of N carriers with oversampling and filtering can be given by N αβ subcarriers, without oversampling and filtering. Consequently, the CCDF of PAR reduced OFDM signal can be given by
where β is greater than one and can be determined by exhaustive computer simulations. We remark here that straightforward application of (8) is complicated to work with as the parameter β depends not only on the filter length f L but also on the OFDM signal size M.
Moving Average Filter
A moving average filter [33] is one of the simplest type of linear-time-invariant (LTI) processor, which is commonly used in digital-signal-processing (DSP) to remove interference, or additive white Gaussian noise (AWGN) from a relatively slowly varying signal. The filter can be described with the finite impulse response (FIR) ( )
where f L is the filter length. Using (6) as input to the filter, the output of the filter can be expressed as
Notice the smoothing window operation performed by the filter. Each smoothed value is computed as the average of a number of preceding data values and the degree of smoothing increases with f L . The filtering output (10), contains interfering terms from other subcarriers, the so-called inter-carrier-interference (ICI) effect.
This loss of orthogonality due to ICI is an undesirable effect and is well known to result in SER degradation at the receiver side. Int. J. Communications, Network and System Sciences The filter can be described in the frequency domain by the Fourier transform of the rectangular pulse ( ) ( ) ( ) 
Oversampled OFDM Data Model
Let the samples associated with the ith data vector of size M be denoted as ( )
With this notation, we can now express the ith oversampled OFDM signal (6) as
The vector ( )
M i x
can be obtained by using a M-point IFFT on the extended data vector
zeros in the middle of the information symbol vector [34] . To describe how the M N − 
Pre-multiplying the data vector 
The Post IFFT Filtering (PoF) Technique and Symbol Recovery
If the oversampled OFDM signals are received by an FIR moving average filter
, with 1 n M < ≤ , the expression for the ith filter output symbol block can be written as 
upper triangular Toeplitz matrix with first row ( )
Due to the filter memory, IBI arises between successive blocks and renders 
Notice that
Therefore, a tremendous advantage of this filtering implementation is its efficient recursion ( )
As compared with the matrix vector product (17), the recursion (18) 
where the FIR channel vector c h is denoted by the M M
is the complex AWGN vector.
Since the filtering removes the subcarrier orthogonality at the transmitter, therefore, the data model based on FFT of (19) does not allow us to use standard frequency domain equalizers. We therefore suffice on the time domain data model (19) for symbol recovery. According to the ZF criterion, the equalizer is chosen to assure perfect symbol recovery in the absence of noise. In Equation (19) , the matrices P , At low signal-to-noise ratio (SNR), a vector MMSE equalizer can lead to improved receiver performance. According to MMSE criterion, the equalizer is chosen to minimize the mean square error (MSE)
The MSE can be written as a function of the equalizing matrix G as: Since the matrix W in Equation (20), and matrices V and Q in Equation (22), are not channel dependent and remain fixed, therefore, they can be pre-computed and straightforwardly embedded in the receiver.
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A block diagram of an OFDM system involving the proposed PoF transform and corresponding time domain linear equalizers is illustrated in Figure 2 .
Practical Considerations

Average Transmit Power
The average power of the PoF OFDM signals is n n a a a n a a
It is thus clear from (23) that the PoF PAR reduction process also involves reduction in the average power of OFDM signals 1 . Apart from PAR, the reduction in average transmit power affects the system performance in two ways, one positive and one negative. Firstly, it will result in a more desirable spectrum. Secondly, it will decrease SNR at the receiver, which means an increase in SER. We will present these simulations in the next section.
Oversampling
The oversampling can be seen to increase the size of IFFT/FFT matrices in the 
Complexity
The simple recursive PoF approach requires only 2M additions per OFDM data vector (2 additions per sample). Generally, computing time for one addition is much less than that for one multiplication (which requires 4 real multiplications and 2 real additions). This shows that the PoF technique is a computationally efficient approach. (20) and (22) 
Coded Transmissions and Constellation
In practical OFDM systems, error control codes are usually used to combat channel nulls (or deep fades). Our proposed filtering and symbol recovery approaches are applicable if the coded symbols are transmitted. The methods do not capitalize on any particular type of constellation, hence they are directly applicable to the cases where transmitted information is drawn from any signal constellation.
Spectral Nulls
The time domain ZF equalizer, assures symbol recovery if the circulant matrix 
Simulations
In order to verify the performance of the proposed schemes, we consider (unless otherwise specified) a baseband OFDM system with the number of subcarriers 80 N = , the oversampling factor 4 J = , and randomly generated input data are modulated by quaternary phase-shift keying (QPSK). Furthermore, we call proposed time domain equalizers: PoF-ZF and PoF MMSE equalizers for convenience, in the rest of this paper. is small, the difference in performance of both the methods is not noticeable.
However, as M becomes large the direct method times increase considerably, while the high-speed convolution computational times increase very slowly.
Clearly, the high-speed option is very efficient for practical PAR reduction in OFDM systems with any number of subcarriers.
In Figure 5 , we show the PSD (averaged over 500 realizations) of the original The unwanted sideband power is normally reduced through the use of pulse shaping filters [11] [39] [40] . Note that the overall discrete time channel impulse response c h is the convolution of the sampled continuous time: transmit pulse shaping filter, channel and receive filter that is matched with the transmit filter, therefore for a given channel, transmit and receive pulse shaping filters increase the size of c L . A large c L not only requires an increase in the CP length, affecting the bandwidth efficiency, but due to ICI also contributes to SER degradation. Furthermore, it may lead to a possible PAR increase [41] . Reduced sidebands due to the proposed scheme allow much better operating conditions for pulse shaping filters. Therefore, pulse shaping filters of smaller length can be used and thus problems related to pulse shaping can be reduced. This is a highly desirable characteristic since many modern communication systems, such as the wireless cellular system, operate in environments where pulse shaping is required for limiting the bandwidth of signals. Figure 6 shows the SER comparison between the proposed PoF and standard frequency domain ZF and MMSE equalization schemes in a wireless fading environment. The filtered and original OFDM signals were transmitted through a 3-ray quasi-static Rayleigh fading channel of which the first and second fading rays were inactive. The carrier frequency was set at 900 MHz and active ray was assumed to fade at the Doppler frequency of 50 d f = Hz. We assumed that channel was perfectly known to the receiver and the SER performance was evaluated for 1200 randomly generated OFDM symbols. SER performance of the frequency domain ZF and MMSE equalizers (shown as ZF and MMSE in Figure  6 ), based on oversampled OFDM signal (15) , is shown as a bound to benchmark the performance of the proposed PoF equalizers. In both the time and frequency domains, ZF and MMSE equalizers are seen to perform equally (although the Int. J. Communications, Network and System Sciences later approach offers lower MSE) and all equalizers are able to correct all transmitted symbols above SNR of 6 dB. A performance gap emerges between the PoF and frequency domain equalizers; however, no significant performance loss can be seen due to the filtering operation.
Conclusion
In this paper, a computationally efficient PAR reduction technique based on linear moving average filtering (that we called PoF) was proposed. We also pro- 
